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The Kerr black hole and rotating black string by intersecting M-branes
Makoto Tanabe∗
Department of Physics Waseda University, Ohkubo 3-4-1, Shinjuku-ku Tokyo 169-8555, Japan
(Dated: November 6, 2018)
We construct the non-BPS black brane representation from the Kerr metric using the U-duality
and symmetries in string or M-theory. We give the general rule to get the brane configuration and
we apply it especially for Kerr metric. We find the three charged solution in M-theory and after
the compactification it becomes rotating black string solution in five dimension. We also find the
four charged solution containing the pp-wave in M-theory, and we can find charged dilaton rotating
black hole solution in four dimension after the torus compactification. This solution has the other
representation in string theory, which is easy to apply the AdS/CFT correspondence.
PACS numbers: 11.25.-w, 11.25.Yb, 97.60.Lf
I. INTRODUCTION
In recent years, many varieties of five-dimensional vac-
uum solutions have been founded [1, 2, 3, 4, 5, 6, 7] using
the rod structure formalism [8, 9]. It is impossible to get
the charged black hole solutions using the rod structure
formalism [10, 11], thus we use the other method to get
the charged solutions using the U-duality [12] in the super
string theory. This method makes the non-BPS solutions
of the string theory [13], and especially this method suc-
ceed to find the non-BPS black ring solution from the one
rotating vacuum black ring solution [14]. We must add
the additional dipole charge for the ordinary solution to
get the seed of another rotating axis. Thus we give the
general formalism to get the charged solutions using the
duality in string or M-theory without adding any dipole
charge in ordinary seed metric.
Non BPS black ring solutions [14] using the same
method we use below, but these solutions related to inter-
secting M2 ⊥ M2 ⊥ M2-brane solution in M-theory, or
intersecting F1 ⊥ D2 ⊥ D2-brane solution in type IIA
string theory with compactification on one-dimensional
torus of M-Theory. These configuration in string theory
is impossible to analysis for AdS/CFT correspondence
[15], because we must choose typical coordinates for the
compact space for near horizon limit, which is the kk-
wave direction, but this solution has not any typical di-
rection for compact spaces.
Thus we introduce the D1 ⊥ D5-brane solutions from
general axisymmetric five-dimensional vacuum solution
with three Killing vector, which contain all solutions
we already know from the rod structure. We show the
NS5 ⊥ D4 ⊥ D4-brane solutions from general ax-
isymmetric four-dimensional vacuum solution with two
Killing vector, e.g., Kerr metric. We also get the general
rotating black string solutions, which is rotating four-
dimensional black hole with extra one dimension, by the
M2 ⊥M2 ⊥M2-brane solutions from the Kerr metric.
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II. CHARGING UP VIA U-DUALITY
We introduce the method for charging up from the
vacuum solution, which we use the boost, T-duality and
S-duality [12]. The vacuum solution satisfy the vac-
uum Einstein equation Gµν = 0, and if we add the ex-
tra flat dimension, this still satisfies the same equation
as GMN = 0, where x
M is the higher dimensional co-
ordinate. Therefore the Higher dimensional solutions
satisfy the Einstein equation, and obviously there are
no Maxwell field or gauge field. We consider the ten-
dimensional supergravity below, because this theory has
the T-duality and S-duality [13].
Under the boost for these solutions, it is still the solu-
tion because the all super gravity theory has the Lorentz
symmetry, then the solutions change to wave solution
from the vacuum solution. We denote this boost process
as Bα(x
µ), which means that boosted for the xµ direction
with the boost parameter α.
T-duality is the symmetry between compact radius
R ↔ 1/R, and it interchange to the type IIA and IIB
theory. We use the notation for the T-duality along xµ
direction as T (xµ). Under the T-duality for the direc-
tion of the wave, the solution changes to a fundamental
string F1-brane, and Dp-brane change to D(p−1)-brane
when the T-duality direction is parallel to the Dp-brane
direction, and otherwise becomes D(p+ 1)-brane.
S-duality is the symmetry between the strong/weak
coupling, and type IIB theory is self-dual under the S-
duality, and F1-brane interchanges to the D1-brane and
NS5-brane interchange to the D5-brane.
We must also consider the Hodge dual for the antisym-
metric gauge field, and specially D3-brane are self-dual
field, thus the field strength ofD3-brane and its dual field
strength are the same.
When we lift up to the eleven dimension, we find the
M-theory which is strong coupling limit of type IIA su-
pergravity, and M-theory contains only M2 and M5-
brane. M2-brane comes from the F1 and D2-brane, and
M5-brane comes from the D4 and NS5-brane. In eleven
dimension there is no symmetry under the T-duality and
S-duality, but still the Lorentz symmetry exists, thus we
can only apply the boost in M-theory.
2III. FROM KERR METRIC TO
INTERSECTING D-BRANES
In four dimension we have a unique rotating vacuum
solution as the Kerr metric, which is given by
ds2 = −f (dt+Ω)2 +Σ2
(
dr2
∆
+ dθ2
)
+
∆
f
sin2 θdφ2
where the metric functions are defined by
Σ2 = r2 + a2 cos2 θ , ∆ = r2 − 2mr + a2
Ω =
2mr
Σ2 − 2mra sin
2 θdφ , f = 1− 2mr
Σ2
.
The mass of the black hole is m and a is the specific
angular momentum witch bounded for m ≥ a.
Now we generalize the metric as ds2 = −f(dt+Ω)2 +
ds2base, where Ω = Ωφ(r, θ)dφ are the arbitrary func-
tion and ds2base = γijdx
idxj are the orthogonal three-
dimensional metric written by the variables r, θ, φ. The
metric has the two Killing vector ξt and ξφ. We add the
other six flat dimensions and we apply the sequence;
Bα2(z1)→ T (z1)→ S → T (z2)→ T (z3) ,
then we find the D3-brane solutions in type IIB theory.
The metric of D3-brane is given by
ds2 = −h−1/22 f(dt+ c2Ω)2 + h1/22 ds2base
+ h
1/2
2
[
h−12
3∑
i=1
dz2i +
6∑
i=4
dz2i
]
, (3.1)
where the metric function are given by h2 = −s22f + c22
and the dilaton field is given by e−2ϕ = 1. The gauge
fields related to D3-brane are given by the four-form
fields as 4D˜z1z2z3t = h
−1
2 (f − 1)s2c2 and 4D˜z1z2z3φ =
h−12 fs2Ωφ, where we use the notation as coshαi = ci
and sinhαi = si for the simplicity. To continue the se-
quence we must calculate the Hodge dual as
∂rD˜z4z5z6t = h2f
γrr√−γ [c2Ωφ∂θDz1z2z3t − ∂θDz1z2z3φ]
∂rD˜z4z5z6φ = h2f
γrr√−γ [c2Ωφ∂θDz1z2z3φ
+ (−c22Ω2φ + h2f−1γφφ)∂θDz1z2z3t
]
, (3.2)
and θ derivative components are the same as this. We
denote D˜z4z5z6t = s2D˜t and D˜z4z5z6φ = s2c2D˜φ in below.
In Kerr metric case, the Hodge dual can be written in
∂r4D˜φ = −f2 γrr√−γ
(
Ωφ∂θΩφ + γφφf
−2∂θf
)
∂r4D˜t = f
2 γrr√−γ ∂θΩφ , (3.3)
thus we can calculate the dual fields as
4D˜t =
ma cos θ
Σ2
, 4D˜φ =
ma2 cos θ sin2 θ
Σ2
. (3.4)
This sequence continues as follows;
Bα1(z1)→ T (z1)→ S → T (z5)→ T (z6)→ T (z2) ,
and we get the D4 ⊥ D4-brane solutions as
ds2 = −(h1h2)−1/2f(dt+ c1c2Ω)2 + (h1h2)1/2ds2base
+ (h1h2)
1/2
[
h−11 (dz
2
1 + dz
2
2) + h
−1
2 (dz
2
3 + dz
2
4)
]
+ (h1h2)
−1/2g−13 (dz
2
5 + dz
2
6) , (3.5)
where h1 = −s21f + c21 and g3 = 1− (h1h2)−1(4s1s2D˜t)2.
The dilaton field becomes e−2ϕ = (h1h2)
1/2g3 and the
gauge fields change as below:
Bz5z6 = (h1h2g3)
−14s1s2D˜t
C˜z1z2t =
8
3
h−11 c1s2D˜t ,
C˜z1z2φ =
8
3
s2c2
[
D˜φ − s21h−11 D˜tfΩφ
]
,
C˜z3z4t =
8
3
h−12 s1c2D˜t ,
C˜z3z4φ =
8
3
s1c1
[
D˜φ − s22h−12 D˜tfΩφ
]
. (3.6)
For simplify we change the notation as
D¯
(1)
t = h
−1
1 c1s2D˜t , D¯
(1)
φ = s2c2
(
D˜φ − s21h−11 D˜tfΩφ
)
D¯
(2)
t = h
−1
2 s1c2D˜t , D¯
(2)
φ = s1c1
(
D˜φ − s22h−12 D˜tfΩφ
)
.
We can also calculate for the Kerr metric, then we find
D¯
(1)
t = h
−1
1 c1s2D˜t , D¯
(1)
φ = h
−1
1 s2c2D˜φ
D¯
(2)
t = h
−1
2 s1c2D˜t , D¯
(2)
φ = h
−1
2 s1c1D˜φ . (3.7)
We apply the next sequence to add another charge as
B(z6)→ T (z6)→ S → T (z5) ,
we find D2 ⊥ D2 ⊥ D2 brane solution as
ds2 = −ξ−1/2f(dt+ c1c2c3Ω)2 + ξ1/2ds2base
+ ξ1/2
[
h−11
2∑
i=1
dz2i + h
−1
2
4∑
i=3
dz2i + h
−1
3
6∑
i=5
dz2i
]
,
with the new function h3 = −s23f + c23 and ξ =
h1h2hˆ3g3 = h1h2h3 − β2t where hˆ3 = −fs23 + g−13 c23 and
βt = 4s1s2s3D˜t. The dilaton field is e
−2ϕ = ξ−3/2h1h2h3
and the gauge field is
Bzizj = h
−1
α
cα
sα
βt , A˜t = −ξ−1βtf , A˜φ = −ξ−1βtfω
C˜zizjt =
2
3
h−1α sαcα(f − 1) , C˜zizjφ =
2
3
h−1α fc
−1
α sαωφ .
where the pair of indices (i, j) = (1, 2), (3, 4), (5, 6) are
corresponding to α = 1, 2, 3. For the first example of a
black hole solution, we continue to apply the U-duality
for the charging up the four-dimensional Kerr solutions.
Next we try to apply another example related to the ro-
tating black string, which can be described by the Kerr
metric with another one extra dimension, and these so-
lutions must possess the Gregory-Laflamme instability
[16].
3A. Kerr solutions in String/M-theory
For the adding pp-wave in eleven dimension, we must
apply the sequence as
T (z1)→ T (z3)→ T (z5)→ T (z2)→ T (z4)→ T (z6) ,
then we find the D4 ⊥ D4 ⊥ D4-brane solutions as
ds2 = ξ1/2
[
h¯−11
2∑
i=1
dz2i + h¯
−1
2
4∑
i=3
dz2i + h¯
−1
3
6∑
i=5
dz2i
]
− ξ−1/2f(dt+ c2c1c3Ω)2 + ξ1/2ds2base ,
where h¯i = ξhˆ
−1
i with hˆi = −s2i f + c2i g−1i . The function
gi is determined by gi = 1 + (h1h2h3)
−1h−1i s
−2
2 β
2
t . The
dilaton field is e−2ϕ = ξ−3/2h¯1h¯2h¯3 and the gauge fields
are given by A˜a = Aˆa and
Bzizj = h¯
−1
α
cα
sα
βt , C˜zizja =
8
3
Dˆ(α)a + h¯
−1
α s
−1
α cαβtAˆa ,
where we use the same notation for (i, j) and the Hodge
dual fields Dˆ
(α)
a can be calculate as
Dˆ
(1)
t = −ξ−1h2s1c2c3D˜t
Dˆ
(1)
φ = s2c2
[
D˜φ + (1− ξ−1h2c21c23)D˜tΩφ
]
Dˆ
(2)
t = −ξ−1h1c1s2c3D˜t
Dˆ
(2)
φ = s1c1
[
D˜φ + (1− ξ−1h1c22c23)D˜tΩφ
]
Dˆ
(3)
t = −ξ−1h3c1c2s3D˜t
Dˆ
(3)
φ = s3c3
[
D˜φ + (1− ξ−1h3c21c22)D˜tΩφ
]
,
The function Aˆa is also the Hodge dual fields as
∂rAˆφ =
γrr√−γ βt
[
f2ωφ∂θωφ + ξ
2β−1t γφφ∂θ(ξ
−1βtf)
]
∂rAˆt =
γrr√−γ βtf
2∂θωφ , (3.8)
and of cause we can calculate the θ derivative in the same
way. In Kerr metric we find that Aˆa can be written by
Aˆt = s1c1s2c2s3c3
ma2 cos2 θ
Σ4
Aˆφ = −s1s2s3
(
c21c
2
2c
2
3 +
2rΣ2h1h2h3
r2 − a2 cos2 θ
)
ma3 sin2 θ cos2 θ
Σ4
.
Now we lift up the z7 direction then we find the M5 ⊥
M5 ⊥M5-brane with pp-wave solutions in M-theory;
ds2 = Ξ1/3
[
h¯−11
2∑
i=1
dz2i + h¯
−1
2
4∑
i=3
dz2i + h¯
−1
3
6∑
i=5
dz2i
]
+ Ξ1/3
[−ξ−1f(dt+ ωdφ)2 + ds2base]
+ Ξ−2/3ξ
(
dz7 + Aˆtdt+ Aˆφdφ
)2
, (3.9)
where the conformal factor can be written by Ξ =
h¯1h¯2h¯3. The three-form fields related to M5-brane are
given by
Cˆ
(α)
7 ≡ Czizjz7 =
2
3
h¯−1α s
−1
α cαβt
Cˆ(α)a ≡ C˜zizja =
8
3
Dˆ(α)a + h¯
−1
α s
−1
α cαβtAˆa ,
We note that Kerr metric with flat dimensions has no
Chern-Simons term, but there are exist in eleven dimen-
sion after the charging up sequence, e.g., Cˆ
(1)
7 ∧ dCˆ(2)t ∧
Cˆ
(3)
φ or like that combinations. The Chern-Simons terms
gives the non-trivial effect of the topology for BPS black
ring solutions [18], and this effect change the Laplace
equation for the harmonic function hi to the Poisson
equation for the non-harmonic function h¯i.
Finally we apply the boost for the z7 direction, and
compactify the z6 direction to apply the AdS/CFT cor-
respondence, we find NS5 ⊥ D4 ⊥ D4-brane solutions
with kk-wave, and the metric can be written by
ds2 = (h¯1h¯2)
1/2
[
h¯−11
2∑
i=1
dz2i + h¯
−1
2
4∑
i=3
dz2i + h¯
−1
3 dz
2
5
]
+ (h¯1h¯2)
1/2
[−ξ−1fdu2 + Ξ−1ξdv2 + ds2base] ,(3.10)
where du and dv are determined by
du = c4dt+ c2c1c3Ω+ s4dz
7
dv = (s4 + c4Aˆt)dt+ Aˆφdφ+ (c4 + s4Aˆt)dz
7 ,
The dilaton field becomes e−2ϕ = ξ−1/2h¯
3/2
3 , and the
gauge fields are given by and the three-form fields are
given by
C˜zizjt = c4Cˆ
(α)
t + s4Cˆ
(α)
7 , Bz5t = −
3
2
(
c4Cˆ
(3)
t + s4Cˆ
(3)
7
)
C˜zizjz7 = c4Cˆ
(α)
7 + s4Cˆ
(α)
t , Bz5z7 = −
3
2
(
c4Cˆ
(3)
7 + s4Cˆ
(3)
t
)
C˜zizjφ = Cˆ
(α)
φ , Bz5z6φ =
3
2
Cˆ
(3)
φ ,
where the indices (i, j) are only run in (1, 2) and (3, 4).
After the compactify the other six dimension on torus,
we find the four dimensional charged solution as
ds2 = −Υf(dt+ ω¯dφ)2 +Υ−1ds2base , (3.11)
where ω¯ and Υ are determined by
ω¯ = c4ω + s4(ωAˆt − Aˆφ)
Υ−2 = Ξ
(
−ξ−1fs24 + Ξ−1ξ(c4 + s4Aˆt)2
)
,
This metric must be satisfied the equation of motion
which is given by the effective sigma model action in four
dimension as
S4 =
∫
d4x
√−g
16piG4
[
R4 +
3∑
α=1
|∇φα|2 + 1
2
|∇φ4|2
+
3∑
α=1
e−2φα |∇ρα|2 +
4∑
α=1
e2(ϕ−φα)
∣∣∣dA(α)a ∣∣∣2
]
,
4where R4 is the four dimensional Ricci scalar determined
by the metric (3.11) and ϕ = 2φ1 + 2φ2 + 2φ3 + φ4. The
scalar field and the gauge fields are given by
e2φα = Ξ1/3h¯−1i , e
2ρα ∼ c4Cˆ(α)7 + s4Cˆ(α)t
A(α)t ∼ c4Cˆ(α)t + s4Cˆ(α)7 , A(α)φ ∼ Cˆ(α)φ
e2φ4 = Ξ−2/3ξ , A(4)a = Aˆa . (3.12)
In the Kerr metric case, the regularity condition for the
rotating axis are the same as before, thus the metric has
no conical singularity at the ordinary event horizon r+ =
m+
√
m2 − a2.
In the asymptotic region (r →∞) the metric becomes
flat and the ADM massM = m(1+
∑4
i=1 s
2
i /2), the con-
served charge Q =
√
2 =
√
2m
∑4
i=1 sici/2 and the angu-
lar momentum J = c1c2c3c4a are given in the asymptotic
metric form. The surface gravity change as below
κ =
1
β2t+(c4 + s4Aˆt+)
r2+ − a2
4mr2+
, (3.13)
where βt+ and Aˆt+ are defined by the substitution for
r = r+. The surface area of the outer event horizon
A =
∫
dθdφ
√
Σ2 (Υ−2γφφ − fω¯2)
∣∣∣∣
r=r+
= 8pimr+c1c2c3
[
c4 − 1
2
a3s4
(
1− a
r+
arctan
r+
a
)]
,
and we can show the thermodynamics with the physical
parameter as the charge and angular momentum and the
temperature, but the dilaton fields does not contribute.
Sen gave the rotating charged black hole solution [20],
which metric in Einstein flame is given by
ds2 = −h−1α f
(
dt+ c2αΩ
)2
+ hαds
2
base , (3.14)
where hα = −s2αf + c2α. Sen’s solution is included in our
solution with the parameter c1 = c2 = cα and c3 = c4 =
1, and this case the action is changing as φ1 = φ2 and
φ3 = φ4 = 0 and ρα = 0 and only A(1)a = A(2)a are exist.
The static limit for a = 0 we have D˜t = 0 and Aˆa = 0,
thus the metric becomes four charged static black brane
solutions as
ds2 = −h−1/2fdt2 + h1/2 (f−1dr2 + r2dΩ2) ,
where h = h1h2h3h4. The harmonic function hi defined
as hi = −s2i f + c2i with f = 1 − 2m/r, which is the
metric function of ordinary Shwarzshild metric. This so-
lutions are contain the Gibbons-Maeda’s dilatonic black
hole solutions [22].
We can also take the extremal limit for the Kerr metric
(a = m), this case the horizon are degenerate and it
will contain the supersymmetric solution, because these
metric configuration in M-theory are the same figure as
we find before [25].
We have coordinate singularity at ξ = 0, witch is the
same as h¯i = 0, and at this case the Kretchmann invari-
ance RµνρσR
µνρσ is diverging. If we choose the specific
value for the αi, m and a, we can get the regular solitonic
solution, and we will show in the next paper.
B. Rotating Black String Solution
Now we apply the other example about charging up
method from four-dimensional vacuum solution, and it
can be applied for black string in five dimension, which
is the Kerr metric with the extra one dimension. We
lift up the z7 direction directory for (3.8), then we find
M2 ⊥M2 ⊥M2-brane solution as
ds2 = Θ1/3
[
h−11
2∑
i=1
dz2i + h
−1
2
4∑
i=3
dz2i + h
−1
3
6∑
i=5
dz2i
]
+Θ1/3
[−ξ−1f(dt+ ωdφ)2 + ds2base]
+Θ−2/3ξ[−ξ−1βtf(dt+ ωdφ) + dz7]2 , (3.15)
where the conformal factor is Θ = h1h2h3, and the three-
form fields related to M2-brane are given by
Czizjz7 =
2
3
h−1α
cα
sα
βt
Czizjt =
2
3
h−1α sαcα(f − 1)
Czizjφ =
2
3
h−1α f
sα
cα
ωφ .
All metric function and the gauge field are given by the
harmonic function hi and the extra function βt, which
comes from the Hodge dual for the gauge field. The
Chern-Simons terms are also exist in this case, however if
we take that the extra function βt must be zero, then the
Chern-Simons terms are vanishing and all metric function
only depend on the harmonic function hi. This gives the
well known solutions given by [25], but in this case one
of the function hi must be zero, thus we only take the
two charged solution with Kerr based metric.
Compactify the z1 to z6 direction we find charged ro-
tating black string solutions as
ds2 = Θ1/3
[−ξ−1f(dt+ ωdφ)2 + ds2base]
+ Θ−2/3ξ
[−ξ−1βtf(dt+ ωdφ) + dz7]2 .(3.16)
This solutions satisfy the effective sigma model action
after the compactification on tori as
S5 =
∫
d5x
√−g
16piG5
[
R5 +
3∑
α=1
|∇φα|2 + 1
2
|∇ϕ|2
+
3∑
α=1
e2(ϕ−φα)
∣∣∣dA(α)a ∣∣∣2
]
,
where R5 is the five dimensional Ricci scalar given by the
metric (3.16). The scalar field φα are the same as before
5(3.12), and ϕ =
∑3
α=1 φα/3. The gauge field is given by
A(α)t = c4Cˆ(α)t + s4Cˆ(α)7 , A(α)7 = c4Cˆ(α)7 + s4Cˆ(α)t and
A(α)φ = Cˆ(α)φ .
The horizon of the solutions are the same as the ordi-
nary one, and this case regularity condition for the ro-
tating axis φ are the same as before. This solution has
the new singularity at ξ = 0 or βt → ∞, but ξ = 0 are
satisfied both hi = 0 and βt = 0, which conditions give
trivial solution, unless f = c2i /s
2
i .
When we fix the extra coordinate z7 = z70 , then we
find the metric becomes
ds2 = Θ−2/3f(dt+ ωdφ) + Θ1/3ds2base , (3.17)
and this metric form is the consistent as the solution
from supersymmetric five dimensional solution. The area
surface for a unit length of z7 direction, we can calculate
in generally, but it is very complicated figure. In this
time we show the special case as s1 = s2 = s3 ≡ s case,
then we find the surface area as
A =
∫
dθdφ
√
Θ−1/3Σ2fω2
= 4pi(r2+ + a
2)
[
1 +
(
r2+
a2
− α2
)
Arccot α
α
]
,(3.18)
where α2a2 = r2+ − 2mr+s2. In the static limit, the area
surface is equal to one of the Schwarzshild black string.
We can easy to check the non-charged solution is given
by s = 0, and we find the area surface A = 4pi(r2+ + a2),
which is consistent with the one of ordinary Kerr metric.
In the Kerr metric at the infinity the conformal fac-
tor becomes Θ→ 1, thus the metric becomes Minkowski
metric, which satisfy the asymptotically flat. The mass,
angular momentum and the charge of the Maxwell fields
in this metric change toM = m(s21+s
2
2+s
2
3)/3, J =Ma
and Q = m(s1c1 + s2c2 + s3c3)/3. This solution is obvi-
ously different from the Kerr-Newmann metric, which is
only for the changing the ∆ = r2 − 2mr + a2 + q2 and
f = 1 − (2mr − q2)/Σ. The action in four dimension is
non-minimal coupling to the dilaton with the Maxwell
field, thus we are not allow to take the limit just for
vanishing the dilaton, only we can take the limit for no
dilaton and no Maxwell fields, which is related to si = 0.
In the static limit a = 0, the metric becomes
ds2 = −Θ−1fdt2 + f−1dr2 + r2dΩ2 +Θdz27 , (3.19)
where the metric function change as f = 1− 2m/r. The
dilaton fields are depend only on the radial coordinate
r, and the gauge fields becomes only electrical potential
At =
∑
h−1α sαcα(f − 1)/3, and we can easy to check the
charge is Q = m(s1c1+ s2c2+ s3c3)/3, which means that
charge is independent for the angular momentum. Both
of the static and stationary case, the dilaton fields also
do not contribute the thermodynamics of black string so-
lution for the unit per length along the extra dimension.
This solution has the instability of the extra dimension
along z7 direction, named Gregory-Lafflame Instability.
In the static case, we can calculate in the general way
in [17], but in the stationary case the perturbation of
the metric function are impossible to separable for the
variables. Thus we must concern about the analyze about
it.
IV. CONCLUDING REMARK
In this paper we have presented the charging up
method from the four dimensional vacuum solution with
rotating axis, Kerr metric. We use the U-duality and
Lorentz symmetries in higher dimensional supergravity
theory, i.e., ten-dimensional type IIA and IIB supergrav-
ity, which is the low energy limit of the type IIA and IIB
super string theory, and eleven-dimensional supergravity,
named M-theory.
We give a specific example as charging up the Kerr
solution in four dimension, which relates theM5 ⊥M5 ⊥
M5-brane solution in M-theory, and the rotating black
string solutions in five dimension, which relates theM2 ⊥
M2 ⊥M2-brane solution in M-theory. M-Kerr solution,
which is M5 ⊥ M5 ⊥M5-brane, becomes NS5 ⊥ D4 ⊥
D4-brane with kk-wave solutions in type IIA super string
theory. M-BS solutions, which is M2 ⊥ M2 ⊥ M2-
brane, are the same configuration of non-BPS black ring
solution given by [14], and M-BS solution include the
limit for R → ∞ for the non-BPS two rotating charged
black ring solution.
We can apply these solutions to the AdS/CFT corre-
spondence, α′ → 0 with fixed r/α′ for CFT, where r is
the distance from the D-brane. We will show the mi-
cro state of these solutions in the context of AdS/CFT
correspondence, and we will also show the regular solu-
tions with the specific physical parameters in subsequent
paper, witch we are writing now. In the limit for the
CFT, we compare the micro state of Kerr black hole by
D0 ⊥ D6-brane solutions given by Horowitz et. al., [27].
In this paper we do not apply the specific five dimen-
sional vacuum black hole solutions. It is easy to apply for
various solutions [1, 2, 5, 6], however the difficulty for the
calculation is just the Hodge dual (3.2) and (3.8). The in-
tegrable condition must be necessary for the explicit rep-
resentation of the D˜ab, and in the below case the Hodge
dual field becomes easier. When the metric of base space
can be written in γabdx
adxb = Θ(x, y)(Ωφdφ − Ωψdψ)2,
the dual gauge field D˜φψ must be vanishing, thus we only
consider the D˜ta after all.
By the way of this paper we only consider from the
vacuum solutions, but adding the extra dimension we can
extend to the Einstein manifold with the constant gauge
field, which satisfy the Einstein and Maxwell equation in
lower and higher dimension. In this formalism, includ-
ing the one rotating black ring case [14], we can apply
the more interesting case, especially cosmology and black
hole dynamics.
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